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SECOND ORDER GEOMETRIC FLOWS ON FOLIATED MANIFOLDS 


LUCIO BEDULLI, WEIYONG HE, AND LUIGI VEZZONI 


Abstract. We prove a general result about the short time existence and uniqueness of second 
order geometric flows transverse to a Riemannian foliation on a compact manifold. Our result 
includes some flows already existing in literature, as the transverse Ricci flow, the Sasaki-Ricci 
flow and the Sasaki J-flow and motivates the study of other evolution equations. We also 
introduce a transverse version of the Kdhler-Ricci flow adapting some classical results to the 
foliated case. 


1. Introduction 

In this paper we study transversally parabolic flows on manifolds foliated by Riemannian 
foliations. The definition of Riemannian foliation was introduced and firstly studied by B. 
Reinhart in [20] as a natural generalization of Riemannian submersions. Roughly speaking a 
foliation on a manifold M is Riemannian if there exists a Riemannian metric on M such 
that the distance from one leaf of J- to another is locally constant. The normal bundle Q to 
a Riemannian foliation T inherits a metric gq along the fibres which is “constant” along the 
leaves of J-. Furthermore, gq induces a canonical connection V on Q preserving gq and having 
vanishing transverse torsion. This connection can be used to define the transverse curvature 
and the transverse Ricci tensor of gq. 

Searching for a preferred transverse metric on a manifold foliated by a Riemannian foliation, 
it is quite natural to follow the nonfoliated case studying the flow of a transverse metric along the 
transverse Ricci tensor. This was initiated in |16] in the context of Cartan geometry where it is 
introduced the transverse Ricci flow and it is proved a foliated version of the famous Hamilton’s 
results for 3-dimensional compact manifolds with positive Ricci tensor (see |12]1. Furthermore, 
the transverse Ricci flow was used in |23| to evolve Sasakian metrics and then investigated in 
HElEllTl [I3l[28|. A similar flow for evolving Riemannian metrics on manifolds foliated by 
1-codimensional non-Riemannian foliations was introduced and studied in |2ll[22]. 

For the flows mentioned above, the short-time existence is proved by using an argument 
ad hoc. For instance, in [16] the short-time existence of the transverse Ricci flow is obtained 
regarding the flow as a flow of Cartan connections and then applying the original technique 
of Hamilton for parabolic systems satisfying integrability conditions, whilst in |23j the short 
time existence of the Sasaki Ricci flow is obtained by modifying the flow with a “parabolic 
complement”. 

The main goal of this paper is to show that a second order quasilinear transversally parabolic 
flow of basic sections of a vector bundle over a foliated manifold has always a unique short- 
time solution. This result implies the short time existence of the transverse Ricci flow and of the 
Sasaki-Ricci flow and motivates the study of other flows. The precise framework is the following: 
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we consider a compact manifold M foliated by a transversally orientable Riemannian foliation 
an J^-bundle {E, V) over M and a second order quasilinear basic partial differential operator 

D : C°°{E/F) C°^{E/E). 

By an “'F-bundle''’ we mean a vector bundle tt: E ^ M with an assigned connection V whose 
curvature vanishes along vector fields tangent to the the foliations. Furthermore, C°°{E/F) 
denotes the set of smooth sections u ol E satisfying Vxu = 0 for every vector held X tangent to 
F. Roughly speaking, ZD is a basic partial differential operator if locally with respect to a foliated 
atlas it writes as a partial differential operators in the transverse coordinates (see dehnition l3.3p . 
In this set-up, we consider the evolution equation 

(1) dtut = D{ut ), U|4=o = ^0 

where uq G C°°{E/F) is hxed and the solution u: M x [0, e) ^ M is required to be smooth and 
such that ut G C°°{E/F) for every t. 

Theorem 1.1. Assume that D is strongly transversally elliptic at uq. Then equation © has 
always a unique maximal solution defined for t G [0, e). Moreover, when D is linear u is defined 
for t G [0, oo). 

The proof of theorem 1 1.1 1 is mainly based on the treatment in [S] of basic differential operators. 
Indeed, from [1319] it follows that if {E, V) is an J^-bundle over a manifold M foliated by a 
transversally oriented Riemannian foliation F, then there exist a compact smooth manifold W 
and an SO(n)-bundle E over W such that C°°{E/F) is canonically isomorphic to the space of 
SO(n)-invariant sections of E. Moreover, from |9| it follows that if D : C°°{E/F) —>■ C°°{E/F) 
is a linear basic strongly transversally elliptic operator, then it can be regarded as a G-invariant 
strongly elliptic differential operator on C°°{E). Prom this result it follows that in the linear case 
equation ([T]) can be regarded as a genuine parabolic equation involving sections of a fiber bundle 
and the existence and uniqueness of a solution follows from the standard parabolic theory. The 
proof of the nonlinear case follows the same approach, but since the results in (9| are proved only 
for linear operators, we have to adapt El Kacimi’s theorem to the nonlinear case (see theorem 

wm. 

In the second part of the paper we apply theorem 11.11 to some explicit flows on foliated 
manifolds. In section 5 we consider the transverse Ricci flow introduced in m and we prove 
that it is well-posed by applying theorem 11.11 Indeed, as it happens in the non foliated case, 
the flow is not strongly parabolic and it has to be modified by using a basic vector field. The 
modified transverse Ricci flow is strongly transversally parabolic and it is well-posed in view 
of theorem The existence of a solution to the transverse Ricci flow follows from the well- 
posedness of its modihcation, while for the uniqueness of the solutions we adapt an argument in 
m to the foliated case. In this second part we have to assume that the foliation is homologically 
orientable in order to introduce an integral functional. 

In section [6] we take into account Kahler foliations studying a foliated version of the Kahler- 
Ricci flow. Here the well-posedness of the flow is again implied by theorem 11.11 while the long 
time existence is obtained adapting some well-known results of the non-foliated case. 

Acknowledgements. The authors would like to thank professor Min-Oo for useful comments and 
remarks. 


2. Preliminaries on Riemannian foliations 

Let M be an [m + n)—dimensional smooth manifold. A codimension n foliation F on M 
can be defined as an open cover {Ui} of M together a family fi'.Ui^Toi submersions onto 
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an m-dimensional manifold T, called the base of the foliation, such that whenever Ui H 7 ^ 0 
there exists a smooth map 7 *^: fi{Ui riUj) fj{Ui n Uj) satisfying fj o = /j. The pair 
(M, T) is usually called a foliated manifold. The previous construction is equivalent to assign an 
involutive distribution L of rank m. A leaf of J- is by definition a maximal integral submanifold 
of L. Given a foliated manifold (M, T"), we denote by Q the normal bundle TM/L and it is 
therefore defined the following exact sequence of vector bundles 

0 ^ L ^ TM ^ Q ^ 0 . 

A transverse structure on a foliated manifold is by definition a geometric structure on the 
base manifold T which is invariant by the transition maps { 77 -}• The most important class of 
transverse structures is the one of transverse Riemannian metrics introduced by Reinhart in m 
as a natural generalisation of Riemannian submersions. In contrast to the non-foliated case, the 
existence of a transverse Riemannian metric is not always guaranteed and imposes some strong 
conditions on the foliation. A foliation T” is Riemannian if and only if Q inherits a metric gg 
along its fibres satisfying the holonomy invariant condition 

( 2 ) ^xgq = 0 

for every X € C°°{L), where C is the Lie derivative (see e.g. [26lllZ])- Condition ([ 2 ]) makes 
sense since if X is a section of L, then its flow preserves the foliation. The metric gg 
is simply defined by gluing together the pull-backs of the metric of the base T via the local 
submersions and can be regarded as a degenerate symmetric 2-tensor on M. Such a gg can 
be always “completed” to a bundle-like Riemannian metric g on M, i.e. there always exists a 
metric g on M whose restriction to the orthogonal complement of L is ^q. A metric g on a, 
foliated manifold is usually called bundle-like if its restriction to L satisfies ([2|). In this paper 
we refer to a metric gg on Q satisfying ([2]) as to a transverse metric. 

A vector field X on a foliated manifold {M,iF) is called foliated if [Ai, T] S C°°{L) for every 

Y € C°°{L). Denoting by C°°{M,T) the space of foliated vector fields on (M, J'), the quotient 
C°°{M/J') := C°°{M, T)/C°°(L) is by definition the set of basic vector fields on {M,T). For 
every X € C°°{M,T), X^ denotes the correspondent ciass in C°°{M/T) and can be regarded 
as a section of Q. A foliation is called transversally parallelizable if there exist n basic vector 
fields which are linear independent at any point. 

Now we recall the definition of X-fibration. Let vr: P —>■ M be a G-principal bundle over a 
foliated manifold (M, X) and let Lf C TP be the horizontal distribution defined by a connection 
on P with connection 1-form oj. Then for every p q P, Hp is isomorphic to and 

consequentiy X induces a distribution X in P. The connection given by H is calied a basie if X 
is a foiiation and tv is basic, i.e. = 0 for every vector fieid X tangent to X. In this case 

the pair [P,H) is called an X-fibration. A vector bundle E with an assigned affine connection 

V is called an X-fibration if the induced principal bundle (P, P[) is an P-fibration. This is 
equivalent to require that the curvature P of V satisfies lxR = 0 for every smooth section X of 
L. Moreover, if (P, V) is an P-bundle, then the foliation X on the principal bundle induces a 
foliation Xe on E. A map T between two P-bundle (P, V) and (P', V') on M is called foliated 
if it takes leaves of Xe to leaves of Xe> and a smooth section a of an P-bundle (P, V) is called 
basie if Vxu = 0 for every X tangent to X. We denote by C°°{E/X) the set of smooth basic 
sections of (P, V). 

The most natural example of P-fibration is the SO(n)-bundle of transversally oriented frames 
of a Riemannian foliation defined as follows. Let P be a Riemannian foliation on a smooth 
manifold M with transverse metric gg. Then it is defined the transverse Levi-Civita connection 
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V on Q as 


(3) 


Vx^ = 


[X,a{V)]Q if XeT{L) 
(VW^))q if X€a(Q), 


for every V G C'°°(Q), where 5 is a bundle-like metric on M inducing gq with Levi-Civita 
connection V®, a is the isomorphism between Q and L-*- and X 1 —)> Xq is the projection onto Q. 
Such a V does not depend on the choice of g and it is the unique connection on Q satisfying 


(4) XgQ{Vi,V2) = gQ{VxVuV2) + gQ{VuXxV2) 

(5) Vxi"o-VyXQ-[X,y]Q = 0, 

for every vector fields X,Y on M and Vi and V2 in C°°{Q). Moreover, X is called transversally 
orientahle if there exists a nowhere vanishing transverse volume form 12. When such a z/ is 
fixed, then the principal bundle of linear frames of Q has a natural SO(n)-reduction which we 
denote as in m by p: M'^ —M. The transverse Levi-Civita connection induces a connection 
on M'^ making it an J-'-bundle. The following result is due to Molino and it will be important 
subsequently: 


Theorem 2.1 (Molino, p!7]L The foliation induced by T on M# is always transversally 
parallelizable and invariant by the action o/SO(n). Moreover, the leaf closures of are the 
fibres of a locally trivial fibration F —>■ W, where W is a compact manifold called the 

basic manifold of F. 


In the last part of this section we recall the definition of the basic Laplace operator and basic 
cohomology groups. Let (M, F) be a manifold foliated by a Riemannian foliation and let gq be 
its transverse metric. A p-form a on M is called basic if 

z-xCK = 0 , Txol = 0 

for every smooth section X of the fibre bundle L generated by F, where L denotes the Lie 
derivative. We denote by the set of basic p-form on M and by C'^{M) the set of 

basic factions (i.e. basic 0-forms). Notice that accordingly to our previous notation we have 
C^{M) = C°°{M X M/T”). Then the de Rham differential operator takes basic forms into basic 
forms and the pair induces a cohomology Hb usually called the basic cohomology of 

(M, F). As is usual we will denote by the restriction d|Og. When F is transversally oriented 
the basic hedge “star” operator *b and the basic codifferential operator 63 are defined in the usual 
way. Furthermore, it is defined the basic Laplacian operator As = dsds -bhsds acting on basic 
forms of degree at least 1. On the other hand for conventional reasons we put a minus sign in 
the definition of the basic Laplacian acting on basic functions As = —ds^B + ^sds : C^{M) — 
C^{M). As in the classical Hodge theorem, in the compact case the basic cohomology groups 
are isomorphic to the kernels of As, but, in contrast to the nonfoliated case, they do not 
always satisfy Poincare duality. Poincare duality is guaranteed under some strong topological 
assumption on F, for instance when F is homological orientable: 

Definition 2.2. A transversally oriented Riemannian foliation F is called homologically ori¬ 
entable if there exists an m-form x on M restricting to a volume along the leaves of F and such 
that 

ixdx = 0 

for every X G C°°{L). 

It is well-known that when F is homologically orientable, the form x can alwaysbe written as 
x(Ti, = det {g{Y„Ej)) , Ti,..., G r(rM) 
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where 5 is a bundle-like metric on M making the leaves of J- minimal and {Ei,... is an 

oriented orthonormal frame of L. Furthermore, the existence of x allows us to introduce the 
following scalar product on basic forms 

( 6 ) (a,/3) = / aA*B/3 Ax- 

JM 


which makes self-adjoint. 


3. Basic differential operators on foliated manifolds 


In order to introduce basic differential operators on foliated manifolds, we briefly recall the 
non-foliated case. Let M be a manifold and let vr: —)■ M be a vector bundle over M. We 
denote by C°°{E) the vector space of smooth global sections of E. A quasilinear differential 
operator of order r is a map D : C°°{E) —>■ C°°{E) which can be locally written as 


Diu) = 




'{x,u,Vu,... ^u)d. 




+ bQ{x,u,Vu,... ,'V^ ^u) 


where {x^} are local coordinates on M and {cq,} is a local frame of E. In this definition and 
throughout all the paper we use the Einstein summation convention. When D has even order 
r, it is called strongly elliptic at tt € C°°{E) if there exists a constant A > 0 such that the 
differential of D at m satisfies 

(7) {-lY/^h{a{Lu)ix,^)v,v) > A|^|^|i;p 


for every (x,^) G T*M, ^ 7^ 0, and v G Ex, where h is an arbitrary metric along the hbres 
of E. Here cr{Lu) denotes the principal symbol of Lu which, for every (x, G T*M, is the 
endomorphism of Ex defined by 

'T 

a{Luf){x,Y)v = ^—Luo{fu){x) 

for an / G C°°{M) such that /(x) = 0, /|*3, = ^, u G C°°{E), u{x) = v. More generally, if r is a 
subbundle of T*M, D is called strongly r-elliptic if a{Luo){x,^) satishes ([7]) for every (x,.^) G r. 
We recall the following classical result (see e.g. [U Chapter 4]) 


Theorem 3.1. Let D: C°°{E) —>■ C°°{E) be a second order quasilinear operator which is 
strongly elliptic at uq, then the evolution equation 

dtut = D{ut) u\t=o = uq 

has a unique maximal solution u G C°°{M x [0, e)) for some e > 0. Moreover, when D is linear, 
u is in C°°{M x [0,oo)). 


Consider now a Lie group G together a representation of G in Aut(E). In this case we have also 
an induced G-action on M and E is usually called a G-bundle and G°°{E) inherits the natural 
G-action {g ■ a){x) := g ■ a{g~^x). We denote, adopting the notation of [9], by Gq{E) the space 
of G-invariant sections of E. A section u of E belongs to Gq{E) if and only if Cxu = 0 for every 
fundamental vector field X of the action of G, where C denotes the Lie derivative. Moreover, a 
partial differential operator D\ G°°{E) —>■ G^{E) is called G-invariant if it commutes with Cx 
for every fundamental vector field X. The following lemma will be useful 


Lemma 3.2. Let E ^ M be a G-bundle over a compact manifold, D : G°°{E) —>■ G°°{E) a 
quasilinear second order strongly elliptie differential operator and uq be a G-invariant section of 
E. Then the solution to the parabolie system 

(8) dtUt = D{ut ), u\t=o = Uq 
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stays G-invariant for every t. 

Proof. Let X be a fundamental vector field for the action of G on M. Then taking the Lie 
derivative of dSD and taking into account that D commutes with Cx we get 

dt{Cxut) = D{Cxut), {Cxu\t=o) = 0. 

Hence Cxut is a solution to 

dtVt = D{vt), U|t=o = 0- 

and the claim follows. □ 


Now we can focus on the foliated case. We adopt the following definition: 


Definition 3.3. Let {M,iF) be a foliated manifold and (LI, V) an iF-fibration. A quasilinear 
basic differential operator of order r is a map D : G°°{E/F) —>■ G°°{E/F) such that with respect 
to local foliated coordinates {x^,... ,x^,y^,... ,y'^} takes the local expression 


D{u) = 


l\.. .Ir I 


Vtt,..., V'’ q.. + ...,V^ '^u) 




7r—l„ 


y 


where {ca} is a local trivialisation of E. 


When D is linear, definition 13.31 agrees to the one given in [9]. For a linear basic differential 
operator D of order r and {x,ff) € TfM, the principal symbols a{D){x,f,) of D at (x,^) is 
dehned by* 

(^{D){x,Ov = ^—D{fu){x) 
r\ 

for V G Ex and / € G°°{M) basic and such that f{x) = 0, f^\x = ^ ^ G°°{E/E), u{x) = v. 

In analogy to the nonfoliated case, D is called strongly transversally elliptic at u G G°°{E/E) if 
D has even order r and there exists a constant A > 0 such that the differential of D 

at u satisfies 

(9) {-iy/‘^h{a{Ly){x,f)v,v) > 

for every (x, f) G T*M, f ^ 0, and v G Ex, where h is some metric along the fibres of E. 


Example 3.4. The foremost example of strongly transversally elliptic operator is the basic 
Laplacian operator Ab acting on basic functions described in the previous section. 


In analogy to the non-foliated case, every linear basic differential operator can be described 
in terms of jets. We briefly recall this description and refer to [9] for details. Let r be a positive 
integer and let J'^{E/E) be the vector bundle whose fiber at a point x G M is given by 




G°°{E/E) 

ZxiElE) 


Zx{E/E) being the ring of basic sections u of E satisfying V^tt 


0 at X for every k < r. Let 


S^{Q,E) := S\Q*)^E, 


where denotes the /c-symmetric power. Then we have the canonical isomorphism 

riE/T)^®U,S\Q,E) 

(see [9], corollary 2.3.7). In particular, J^{E/E) inherits a basic connection since all the bun¬ 
dles involved are indeed J^-bundles. For every basic section u of E we denote by Jr{u)x the corre¬ 
sponding class in Jr{E/E). Then it is defined the natural map Jr : G°°{E/E) —>• C°°{J''{E / T)) 
as Jr{f){x) := Jr{f)x- Every linear basic partial differential operator D: G°°{E/E) —>■ 
G°°{E/E) of order r can be written as D = T' oJr, where T': G°°{J'"{E)) —>■ G°°{E) is the map 
induced by the foliated morphism T: J^{E/E) E. 
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4. Proof of theorem [T] 

This section contains the proof of theorem 11.11 and it is subdivided in two parts. The first 
part is about the linear case and it is obtained as direct consequence of a theorem of El Kacimi 
proved in [9] (see theorem 14.II below). For the nonlinear case, we generalise El Kacimi’s theorem 
to quasilinear operators and then we get the proof of theorem [T] as a consequence. 


Let us consider a compact manifold M equipped with an n-codimensional transversally ori¬ 
ented Riemannian foliation T and let (E, V) be an E-bundle over M. Let G = SO(n) and 
p: —>• M be the G-principal bundle of orthonormal oriented frames of (M, E) and let E^ 

be the induced transversally parallelizable Riemannian foliation on MK Denote, accordingly to 
Molino’s theorem 12.11 by W the basic manifold of E and by E M'^ —>■ W the locally trivial 
fibration induced by the the leaf closures of Denote by —)• M'^ the pull-back of E via p. 

In view of [9] there always exist a G-bundle E — >• IT and canonic isomorphisms 

C“(eVe«) ^ C'°°(E), i!-. C°°{E/F) ^C^{E). 

The following result is proved in [9] 


Theorem 4.1 (El Kacimi). Let D: C°°{E/E) —>• C°°{E/E) he a linear strongly transversally 
elliptic basic differential operator. Then there exists a G-invariant strongly elliptic differential 
operator D : G°°{E) —>■ G°°{E) making the following diagram commutative 


( 10 ) 


G^{E/E) 

p 

G^{E) 


> G°°{E/T) 

p 

> C^(E). 


Proof of theorem [I] in the linear case. In the linear case, the statement of theorem [T] easily fol¬ 
lows from theorem l4.Il and lemmaIndeed, theorem 14.11 implies that if D is linear, then there 
exists D: C°°{E) —)• G°°{E) as in the statement of theorem 14.11 Let uq = Then theorem 

13.11 implies that the parabolic problem 


dtu{t) = D{ut ), U|t=o = uq 

has a unique solution u G C°°{E x [0, oo)). Since uq and D are G-invariant, then lemma 
EJ ensures that ut stays G-invariant for every t. Hence we can write ut = ifiut) for some 
smooth curve u in C°°{E/E) solving ([1]). The uniqueness of u follows from the fact that ip is a 
isomorphism and the uniqueness of standard parabolic problems. □ 


The proof of theorem 11.11 in the nonlinear case works in the same way, but since El Kacimi’s 
theorem O is proved in [9] only for linear operators, we have to extend it to the quasilinear 
case. 


Theorem 4.2. Let D : C°°{E/E) —>■ G°°{E/E) he a quasilinear basic differential operator which 
is strongly transversally elliptic at u G G°°{E/F). Then there exists a G-invariant differential 
operator D: G°°{E) —)■ G°°{E) which is strongly elliptic at 'f{u) and makes the following diagram 
commutative 

D 

->• 


G°^{E/F) 


G°°(E/E) 
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Proof. Assume that D has even degree r. In terms of jets D can be written as D = To J^-, where 
we still denote by T : C°°{E/J^)) —)■ C°°{E) the map induced by the natural morphism 


T: r{E/F) E 


(see the discussion at the end of section m- It is clear that D is linear if and only if Tx is linear 
for every x G M. Let gq be the transverse metric of F] then the total space inherits a 
transversally oriented foliation F^ which is SO(n)-invariant. The connection on induced 
by the transverse Levi-Civita connection of gq gives the splitting TM'^ = H'^ 0 V, where V 
is the vertical bundle. Since the induced bundle is by definition a subundle of then 
Qtt = TM'^/L'^ inherits the splitting 

where is isomorphic to V and = H'^/LK Let —>■ be the pull-back of E via p 

and p^\ E'^ ^ E the map induced by p, i.e. 


E^ —M# 


E 


TT 

-^ 


P 

M 


We denote by S^{Q.,E)^ the pull-back of S^{Q,E) to MK Then we easily get 

S’^iQ, Ef ~ E^) ~ E^). 

Now for every k we can split S^{Q‘^,E'^) as 


S^{QKe^)= 0 


where 

Skj S\H\E^)0S^iV\E^). 

This fact allows as to lift the map T to a map T'^: 0^=0 E'^) E^ making the following 

diagram commutative 


( 12 ) 

pi 

> El 

pt* 


®l=oSHQ,E) 

T 

^ E 


where pi is induced by pK The map is defined as follows: 

Let G and x = p(x^); since 

p»: eI^ Ex 

is an isomorphism, if 0 G , E'^), then we can define 

fxm = {p^y\TM,M)) 

In this way we have a map making the following diagram commutative 

7’# 
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and we extend T'^ as the null map in whenever j 7 ^ 0. Keeping in mind the isomorphism 

r 

k=0 

we can use the map to define the partial differential operator D'^ = o jf. acting on 
(^oo(^tt/jrtt). Now D'^ induces the genuine partial differential operator D : C°°{E) C°^{E) by 

defying D = . By construction D is G-invariant and makes diagram (llip commuta¬ 

tive. Assume that D is strongly transversally elliptic at u and fix a complement H of in H'^ 
in order to have the splitting 

TM** = L^®H®V. 

We firstly show that is i?*-strongly transversally elliptic at u. By differentiating the following 
commutative diagram at 


we get 


Hs 

C°°{r{E/E)) 


T'# 

- 


T 

-;■ 


C°°{E^) 

p» 

C°°{E) 


(^oo(jr(^tt/J-tt)) 

C°°{r{E/T)) 


It 

* I Jr ^litt ^ 


E\Jr(u) 


G°°(K#) 

ptt 

C°°{E) 


where u = p^{u^). Since 


is strongly transversally elliptic and 


I^*\u - T*\Jr(a) ° Jr , o Jr , 

then P proposition 2.8.5] implies that is ff*-strongly transversally elliptic. Although the 

induced cannot be transversally strongly elliptic, we can correct it with some extra terms 
according to the construction described in p. Let {Xi,... ,X]\f} be a basis of the Lie algebra 
of SO(n) and let Qj be the SO(n)-invariant differential operator on r{E‘^) defined by 

iQja){x) := ^a(exp(tXj»|^^o . 

Then we set 

/ N \ 

Q-={-iP^\TQjoqA . 

Clearly Q is K*-strongly elliptic and null in C^{E‘^/jJ). Let D' := D'^ + Q and D': C°°{E) —>• 
C°°{E) be the induced operator. Since is the operator induced by + Qj P Propo¬ 
sition 2 . 8 . 6 ] implies that is strongly elliptic and the claim follows. □ 
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5. The transverse Ricci flow 

In this section we give a proof of the well-posedness of the of the transverse Ricci flow based 
on theorem [m the short-time existence is treated in the spirit of [ 8 ], while the uniqueness is 
obtained with the energy approach of m- 

We briefly recall the definition of the flow introduced in m- Let M be a compact (m -|- n)- 
dimensional manifold equipped with an n-codimensionial Riemannian foliation with tangent 
bundle L. We denote as usual by tt : Q ^ M the normal bundle TM/L and by gq the transverse 
metric. We also assume J- homologically oriented by a form y (see definition 12.2p . Let 5 be a 
bundle-like metric on (M, T) inducing gq and let cr : Q —>■ L-^ be the map which assigns to each 
[u] G Q the component of v orthogonal to L with respect to g. We denote by V the transverse 
Levi-Civita connection (l3|) induced by gq and by Rq its curvature adopting the sign convention 

= VxVy - VyVx - V[x,y] • 

The transverse Ricci curvature of gq is then the basic tensor Rcg € r(S'^Q*) defined by 

Rcq(R, W) = gq{Rq{a{V),a{ei))ei, W), 

where is a gig-orthonormal frame of Q. We further denote by sg the transverse scalar 

curvature of gq which is defined by 


(13) sg := ^Rcg(efc,efc). 

k=l 

The flow introduced in m is the flow gq{t) of transverse Riemannian metrics governed by 
the equation dtgq{t) = —2Rcg(f), where Rcg(t) is the transverse Ricci curvature induced by 
the transverse metric gq{t). The main result of this section is the following 

Theorem 5.1. Let {M,R) he a compact manifold equipped with a homologically oriented Rie¬ 
mannian foliation and let gq be a smooth holonomy invariant metric on the quotient bundle Q. 
Then the evolution equation 

(14) dtgq{t) = -2Rcg(f), gq{0) = gq 

has a unique short-time solution. 

As in the non-foliated setting the evolution equation m cannot be parabolic because it 
is invariant by diffeomorphisms preserving R. However it can be made parabolic by the de 
Turck-like trick we are going to describe. 

We regard Rcg as an operator on the space of transverse Riemannian metrics on {M,R), 
which is open in the space of basic sections of S^Q*. Let ..., x^,y^, ..., y^} be a foliated 
coordinate system. A local frame of Q is obtained by taking V) = '^{dyi) for f = 1,..., n. Hence 
locally V is described by the functions defined by 

(15) 

Note that this is equivalent to say Vg R{dyj) = T^jTT{dyk). Let gij := gq{Vi,Vj) and let g^^ be 
the components of the inverse matrix of {gij). Then 

Rcq{Vi,Vy) = g^^ g{Rq{dyi,dyk)Vi,Vy) = g^^dy,{Tli)grj - g^^dyk{Tl)grj +\.o.i. 
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Once a background transverse metric gq is fixed, every other transverse metric gq induces the 
basic vector field 

(16) X = g^^{t^j-r^^)dy,, 

where the functions hf,- are dehned by Vg V,- = and V is the transverse Levi-Civita 

LJ yl J IJ 

connection of gq on Q. Then 

{C-xgQ)ij = -g^''dyi{V\^)gij - g^''dyj{T{^)gii + \.oX. 

Now from (1151) . dSJ and the definition of the frame Vi, it easily follows 

2 T dyii^gii^^ ■ 

Finally we have 

(-2Rcq - Cxgq){Vi, Vj) = g’^'‘dykdyi{gij) + l.o.t. = Asgii + l.o.t., 
where is the basic Laplacian of gq. This shows that the operator 

gq i-A -2 Rcq - Cxgq 

is strongly transversally elliptic on an open subset of C°°{S‘^Q*/J-). Thus we have the following 
proposition which is now a consequence of theorem [ 1 ] 

Proposition 5.2. Let (M, X) be a compact manifold equipped with a transversally orientable 
Riemannian foliation with transverse metric gq. There exists a T > 0 and a smooth one- 
parameter family of transverse metrics gq{t) € C°°{S‘^Q*/T), t G [0, T), solving 

(17) dtgq{t) = - 2 RcQ(t) - Cxt9Q{t) , gq{t)) = gq , 
where X is given by (fT 6 ]i . 

About the existence of a solution to (I14|) , we reconstruct a solution of the transverse Ricci flow 
m from the modified flow ()17jl . In order to do this, we firstly integrate the time-dependent 
vector field Xf to a 1-parameter group (ft of diffeomorphisms of M and observe that by definition 
(fTHll these diffeomorphisms preserve the foliation, i.e. {(ft)*{Lx) = for any x G M and any 

t. Hence if gq{t) is a solution of (fT71) . we can dehne cf^gq) by means of 

4>:{gq){V,W)=gq{7ri(ft.V),7r{{ft.W)), 

where V,W € Q and 'k{V) = V and TriW) = W. It is immediate to verify that (f>^{gq) is a 
solution of the original transverse Ricci flow (1141) . 

In order to prove the uniqueness of the transverse Ricci flow, we adapt the argument of m 
to the compact foliated case. Assume that gq and gq are two solutions in the interval [0, T] of 
the transverse Ricci-flow with the same initial value gq. We denote by V and V the induced 
transverse Levi-Civita connections and by and R^ the transverse curvature tensors. Let 
{ei,..., Cn} and {ei,..., e„} be two local frames of Q orthonormal with respect to gq and gq 
respectively. Then we define the following smooth tensors on M x [0, T] 

h = gq-gq, A = V- V, S = R^ - R^ . 
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and their norms with respect to gq 

n 

\h? = \gQ-9Q\lQ = - gQ{ei,ej)f 

i,j=^ 

n 

\A\‘^ = N-V\l^= E (5Q(Ve-,e,-,efc)-5Q(Ve-,e,-,efc))' 
ij,k=l 

|5|2 = |i?^ - (^gQ{R^{ei,ej)ek,ei) - gQ{R^iei,ej)ek,ei)'^ 

and consider the function £: [0,T] —)> M'*' 

£{t)= [ {\h\^ + \A\^ + \S\^) xAdg, 

J M 

where dg is the time dependent family of transverse volume forms induced by gqit) and the 
transverse orientation. To conclude that indeed £{t) vanishes identically on [0, T], we only need 
to prove the following proposition and apply Gronwall’s lemma. This is analogous to proposition 
7 in dS] 

Proposition 5.3. There exists a constant Cq depending on n and an upper bound on R^ and 
R^ and their first derivatives, such that £'{t) < Co£{t), for all t G [0, T]. 

The necessary ingredients are contained in the following lemmas 

Lemma 5.4. The following estimates hold 

(18) \dth\ < C|5|, 

(19) \dtA\ < C{\-9Q^\\VR^\\h\ + \R^\\A\ + |VS|). 

Moreover, if U = g^^^V^Ry —g^^^VbR^, then 

(20) \dtS -AS- divU\ < C (| 5 Q'||Vi?^P| + ir^WR^m + (|i?Q| + \R^\)\S\) 
and 

(21) \U\<C{\g-^\\VR^\\h\ + \A\\R^\). 

where (div U)\-^ = and in all the inequalities the constant C depends only on the codi¬ 

mension of the foliation. 

Proof. The estimates are proved in m for the Ricci flow in the non-foliated case. Since all 
the estimates in |15] are local and a solution of the transverse Ricci flow can be regarded as a 
collection of solutions to the Ricci flow on open sets in M”, the claim follows. □ 

Lemma 5.5. The metrics gqit), gqit), gq are all uniformly equivalent in [0,T]. 

Proof. The statement follows from m Theorem 14.1] □ 

Corollary 5.6. The following estimates hold 

(22) 19*711 < C(|h| + 1^1 + |V5|), 

(23) \dtS -AS- div 17| < C (|7l| + \h\ + \S\) , 

(24) |C/|<C(|h| + |A|), 

where the constants depend on n, T and an upper bound of the curvatures and its first derivatives. 
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Proof. The inequalities are obtained by combining lemma 15.41 and lemma 15.51 
Proof of Proposition 15.31 Let us define 

n= [ 1= [ \AWAdfi, J= [ \VS\^x/\dfi, g= [ |5|2yA(i/i 

JM Jm Jm Jm 


□ 


so that 
Then 

and using 

we get 
(25) 

Moreover, 


and using 

we get 
(26) 

Moreover, 

dtG <cg + 


£ = n+i + g. 

dt'H<CPL+ [ {dth,h) X dp, < CT-L + f C'|S'||/i| x A d/r 
Jm Jm 

<T|5||/i| < C\h\^ + C\S\^ 

dtU <cn + cg. 

dtT <Cl+[ {dfA, A)x A dp 
Jm 

<CI+ [ C{\g-^\\VR\\h\ + \R\\A\ + \VS\)\A\xAdp 
Jm 

<C1+ [ C\h\\A\ + \VS\\A\xAdp 
Jm 

C\h\\A\ + IV^II^I < + C|aI|2 + |V5|2 

dti <cn + j+ CI. 


[ 2{dtS,S)x 
Jm 


A dp 


<Cg+ (2(A5 + divC/,5) +C7|5“'l|Vi?P||S| +C7|5“'l|i?r|/i||S| + {\R\ + |i?|)|5|^)x A d/i 
Jm 

<cg+ [ (2(A5 + divC/,5)+(T|^||5|+ C|/i||5|+C|5|2)xAd^ 

Jm 

<Cg + CX + CR+ [ 2{AS + divU, S)x A dp. 

Jm 


Now 


[ 2(AS + divC/,S)x Ad/x <-2J + 2 / |VS||C/| x A d^ < - J + 3 / \U\‘^xAdp 

Jm Jm Jm 

and then we get 


Therefore 


[ 2{AS + divC/, S)x Adp <-J + CH +CZ. 
Jm 

dtG < eg+ ci + cn-j, 


which implies 


dt£ < C£ 
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and the statement follows. □ 

6. The transverse Kahler-Ricci flow 

This section is about the generalization of the Kahler-Ricci flow to transverse geometry. The 
Kahler-Ricci flow is a powerful tool for studying Kahler manifolds which was introduced by Cao 
in [3]. In [23] Smoczyk, Wang and Zhang generalized the flow to Sasakian manifolds proving a 
“Sasakian version” of Cao’s theorem. 

A Kahler foliation is by definition a foliation iF provided with a transverse Kahler structure 
(see e.g. | 2 | and m)- Such a structure can be regarded as a pair {gQ, J) of tensors on the normal 
bundle of the foliation Q, where gq is a transverse metric making the foliation Riemannian and 
J is an endomorphism of Q satisfying = —Id, gQ{J-,J-) = 9 q(t) and an integrability 
condition. The pair {gQ,J) induces a closed basic 2-form a; on M defined as the pull-back of 
gqiJ-, ■)■ We refer to u as to the fundamental form of the transverse Kahler structure. The 
transverse complex structure J induces a natural splitting of the space R^(M, C) of complex 
basic r-forms on M into R^(M, C) = and the restriction of ds to basic complex 

(p, g)-forms splits accordingly as ds = Ob + Bb- As in the non-foliated case = 0 and 

these operators define some cohomology groups (see e.g. mm for details). From the local point 
of view it is useful to recall that we can always find coordinates ..., x™', z^,..., z^} taking 
values in x C"", such that {x^,... ,x^} are coordinates on the leaves and {14 := 7 ^{d^k)} is 
a local (l,0)-frame of Q. Such coordinates are usually called complex foliated. 

From now on we assume M compact and F homologically oriented by a form x on M. The 
existence of x allows us to generalize many results about Kahler manifolds to the non-foliated 
case. For instance, El Kacimi proved in |9| a foliated version of the 9(9-lemma (called the 
SsO^-lemma) and gave a generalization of the Calabi-Yau theorem. Indeed, accordingly to the 
non-foliated case, it is defined the transverse Ricci form of (w, J) as a closed basic form pB on M 
obtained as pull-back of Rcq( J-, •) to M. Such a form locally writes as pB = —WbBb log det{gkr), 
where we locally write gq = grsdz'^dz^, and allows us to define the basic first Chern class as 

4(M) := ^[pb] G HUm) . 

We recall the following 

Theorem 6.1 (El Kacimi |9]). For every j3 representing c^{M) there exists a unique Kahler 
form in the same basic cohomology class as oj whose transverse Ricci form is 27r/3. 

Here we want to study the transverse version of the Kahler-Ricci flow for Kahler foliations. 
Let M be a compact manifold equipped with an initial Kahler foliation {F,gq, J) and consider 
the transverse Ricci flow 

(27) Btgq{t) = -Rcq{t ), ^^(0) = gq . 

In this case we can prove the following two results 

Theorem 6.2. There exists a unique smooth family of transverse Kahler metrics gq{t), defined 
for t € [ 0 , T), such that gq{t) solves (l271) where 

T = sup {[wJb — 2'Kt(fig{M, J) > O} , 
t>o 

and id is the fundamental form of gq. Moreover if c\{M,J) = 0, then gq{t) converges to a 
transversally Ricci-flat metric. 
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In the statement above, when we write that a class 7 € is positive we mean that 

there exists a form «; G 7 which is the fundamental form of a transverse Hermitian metric on 

J). 

Theorem 6.3. If cf {M, J) = with < 0, then there exists a unique smooth family of 

transverse Kdhler metrics gQ{t) defined for t G [0, 00 ), whose fundamental form cot solves 

(28) dtOJt = -psiwit) - I'UJt, W|t=o = oj , 
and gqit) converges to a transversally Kdhler-Einstein metric. 

The short-time existence and the uniqueness for the solutions to the transverse Kahler-Ricci 
flow will be obtained by using theorem [U while the long time behaviour will be studied working 
as in Kahler geometry. For the long time existence we follow the description in [25j omitting 
those computations which totally agree to the non-foliated case. 

6.1. Some known results in open Kahler Manifolds. Since the transverse Kahler-Ricci 
flow looks locally as a collection of Kahler-Ricci flows on open sets of C”, we can use the local 
estimates for the Kahler-Ricci flow to study the transverse case. In this subsection we recall 
some results involving Kahler structures on non-compact Kahler manifolds. The first of them is 
the following easy-to-prove lemma of linear algebra 

Lemma 6.4. Let V be an n-dimensional complex vector space and let coi and 0 J 2 he two positive 
(1, 1)-forms and let A and B two positive constants. 

i. If tri^j^^i + ^log ^ < B, then there exists a constant C > 0 depending only on A, B 
and n such that tr(^^a ;2 < C ; 

ii. Assume lv 2 < Aoji and wf < Builf, then there exists a constant C > 0 depending only on 
A, B and n such that uji < C 0 J 2 ■ 

Let us consider now a Kahler manifold {X^Co) and let ut, t G [0, T], be a solution to the 
normalised Kahler-Ricci flow 

(29) dtUJt = -Ric{ujt) - vujt , uj\t=Q = ^ 

where is a non-negative real constant. The next lemma can be for instance easily deduced 
from theorem 2.2 and corollary 2.3 in [23]. Here and throughout this subsection the symbol Aj 
will stand for the complex Laplacian of the form i.e. Atf = gl^'didjf, where / G C°°{M). 

Lemma 6.5. Let st be the scalar curvature of ut, then {dt — At)e'^^{st -|- nn) > 0. 

Moreover, assume that there exists a uniform constant C such that st > —vn — then 

• if u = 0, then wf < 

• if u = 1, then ojf < 

Now we recall the following results involving the Kahler-Ricci flow (for the proofs we still 
refer to [23] ) 

Theorem 6.6. Assume that there exists a uniform costant C such that ^Cj < < CCo. Then 

any point x £ X has a neighborhood U where the C°° norm of u with respect to Co is uniformly 
bounded. 

Lemma 6.7. Let k be a Kdhler structure on X having bisectional curvature bounded from below, 
then there exists a uniform constant C such that 

{dt - At) logtr^wt < Ctr^^K - v . 
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Let US consider now on {X,oj) a solution ip to the parabolic Monge-Ampere equation 

iuj -\- i33 ud\^ — 

dtp> = log -—-‘h + iddif > 0 , (/?( 0 ) = 0 

defined in X x [ 0 , oo). 

Lemma 6.8. Assume ||co < Ce~^ for a uniform constant C. Then 

1. there exists a smooth map ipoo on X such that such that ||<y 9 t — ¥?oo||co < Ce~^; 

2 . < (w + iddip)'^ < C'CJ^ for a uniform constant C. 

6.2. A maximum principle in foliated manifolds. Here we prove a general maximum prin¬ 
ciple involving basic functions on compact manifolds foliated by Riemannian foliations. The 
result can be seen as an extension of 1211 Proposition 5.1] to the foliated non-Sasakian case. 

By a smooth family of linear basic partial differential operators {E}te[o,e) mean a smooth 
family of linear basic differential operators E{-,t): C^{M) —>■ C'^{M) whose coefficients depend 
smoothly on t. 


Proposition 6.9 (Maximum principle for basic maps). Let {M,E,gQ, J) be a compact manifold 
with a Kdhler foliation. Let {L^}tg[o,e) be a smooth family of linear basic partial differential 
operators such that E{-,t) is transversally strongly elliptic for every t € [0, e) and satisfies 


(30) 


E{h{x, t),t) < 0 


whenever h G C^(M x [0, e)) is such that idBdBh{x,t) < 0. 
satisfies 

dth{x, t) — E{h{x, t),t) < 0, 


Then if h G C^{M X [0,e),M) 


we have 


sup h{x,t) < sup h{x,0). 

{x,t)eMx[0,e) xeM 


Proof. Fix eg G (0, e) and let hx: M x [0,eo] ^ M be hx{x,t) = h{x,t) — At. Assume that hx 
achieves its global maximum at (xqTo) and assume by contradiction tg / 0. Then 

dthx{xg,tg) > 0 , idBdBhxixg, tg) <0. 

Therefore condition (1301) implies E{hx{xg,tg),tg) < 0 and then 

dthxixg, tg) - E{hx{xg, tg),tg) > 0. 

Since dthx = dth — A and E{hx{x,t),t) = E{h{x,t),t), we have 

0 < dth{xg,to) - E{h{xg,to),to) - A < -A, 

which is a contradiction. Therefore hx achieves its global maximum at a point (xo,0) and 

sup h < sup hx + Acq < sup h{x,0) -|- Acq. 

Mx[0,eo] Mx[0,eo] xSM 

Since the above inequality holds for every eo G (0, e) and A > 0, the claim follows. □ 


Corollary 6.10. Let {M, E, gQ{t), J) be a manifold with a family of Kdhler foliations. Let 
h G C^{M X [0,T)) which is basic for very t. Assume 

{dt - AB,t)ht < 0 , 

where is the basic Laplacian operator of gQ{f), then 

sup h < max hg . 

Mx[0,T) ^ 
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6.3. Proof of theorem 16.2L In this subsection we prove theorem 16.21 

Every transverse volume form II on a manifold M foliated by a Kahler foliation can be written 
as 

^ = (0""/ dz^ A dz^ A • • • A dz'^ A dz'^, 

where the map / depends only on the transverse complex coordinates. Then when we write 
log n, we mean log /. 

Proof of theorem 16.21 First of all we show that (j29p has a unique transversally Kahler maximal 
solution gQ{t) defined in M x [0,Tmax)) where Tmax < T- 

Let T' < T and consider a transversally Kahler form /? such that 

[/3]b = [a)]B-27rT'4(M,J). 

Then we define 

ut = ^{{T' -t)oj + tf3) 
for t € [0, T') and we consider the scalar flow 

(31) dtg^t = log ^ ^ idBdBPt > 0 , P\t=Q = 0 

where ^pt is smooth family of basic functions and H is a transverse volume form satisfying 

iObBb log n = ^(^ - (u). 

Since (1311) is transversally parabolic, theorem [1] implies that it has a unique maximal short time 
solution if € C'^{M x [0, Tmax )). Moreover the curve of metrics corresponding to the path of 
fundamental forms 

u}t=u}t + idBdBPt 

solves (j27p and the transverse cfB^s-lemma for Kahler foliations implies that every solution to 
(I27p induces a solution to m- This implies the existence of a maximal solution gq dehned in 
M X [OjTjnax)- Since d/dt{uj{t)\B = —(27r)cf(M), we necessarily have Tma x < T. 

Next we study the long time behavior of the maximal solution oOf Assume by contradiction 
Tma x < T and for a fixed T' such that Tmax < T' < T and define Cjt as above. Note that with 
our assumptions Tmax is necessarily finite. Then we can write ut = Cot + idBdBPt, where (/? solves 
(1311) . In order to apply theorem 16.61 we have to show that there exists a uniform constant C 
such that < ut < CCj. That is equivalent to require ^ < tr^o;* < C and it can be proved 
by providing some a priori uniform estimates involving tp. 

• llv^tllco uniformly bounded in [0, Tmax)- Keeping in mind that is a solution to (|3Tp . it is not 
difficult to show that dt{(pt — At) is negative for a constant A sufficiently large and the maximum 
principle implies that dt{(pt — At) achieves its maximum at f = 0. Therefore ^pt < T^^^A. A 
similar argument yields a lower bound for (p. 

• uniformly bounded in [0. T ma x). This is equivalent to < ujf < Ciw”, for 

a uniform constant Ci. Keeping in mind that the basic scalar curvature SBif) and the basic 
Laplacian operator of gqit) are locally the scalar curvature and the Laplacian of the Kahler 
base manifold X, then lemma [631 implies [dt — > 0. Therefore corollary 16.101 

implies > —nn — C 2 e~''^ for a uniform constant C 2 and the second part of lemma [631 

together with the compactness of M implies w” < Ciw” for a constant Ci. For the lower bound 
we have 


{dt - AB,t){{T' - t)dt(pt + Pt + nt) = tr^t/3 > 0 
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and the maximum principle implies 

(T' - t)dtipt + ipt + nt>T' min dmt=o = 0 • 

M ' 

Since ip is bounded, we get a lower bound for dtpi. 

• tr^jWf is uniformly bounded from above in [0, Tmax)- In view of lemma [6T71 we have 

{dt - AB,t) log(tri,a;t) < Cstr^^a; 

for a uniform constant C 3 . Let ^ be a fixed constant such that Aujt — (C 3 + l)ti) is a transversally 
Kahler form for every t G [0,Tjnax]- Then 

- Aut) < -tr^jo;, in M x [ 0 , Tmax) • 

Hence 


{dt - AB,t){^og{tiajUJt) - Aipt) < C■iiTuJ^u} - Adtift + AAB,tP>t = ^^(C'sw - Acbt) - Adt<pt + An 
implies 

(32) {dt - AB,t)(log(tr(ia;t) - Aipt) < - Adt^pt + An . 

Let r G (0, T^ax) be fixed and let (xq, to) be a point where \og{iic;jUj) — Aip achieves the maximum 
in M X [0, r]. If to = 0, then 

max (log(tr(:aco) — Aip) < logn . 

M X [0,r] 

If to > 0, then (l32]l implies 

cuL 

W < An- Adt(p\t=to = An- Alog-^ at xq , 

i.e. 

, ,n 

+ A log < An at xq , 

and lemma [63] implies that tr^aa; is uniformly bounded in (xo,to). Hence, since ||(/5||co is uni¬ 
formly bounded, we have 

max (log(tr<:ia;) - Aip) < (logtr,:^^* )(xo) + ||co < C 

Mx[0,t] 

where C does not depend on r. Thus log(tr(;ja;) is uniformly bounded from above in [0, Tmax) 
and the claim follows. 


The three facts proved above together with lemma 16.41 imply that ^ < ivt^uit < C for a 
uniform constant C and theorem 16.61 together with the compactness of M implies that the 
norm of ui is uniformly bounded in M X [0, Tmax ). Therefore as t —)• T ma x the solution gQ{t) 
converges to a transversally Kahler metric gQ{Tjnax) and the flow can be extended after Tmax 
contradicting the maximality of the solution. 


In particular when c^{M) = 0, the maximal solution gg is defined in M x [0,oo). Now 
we focus on this last case. The fundamental form ujt of gQ{t) can be written in this case as 
uj = Cj + idBdBipt, where ^|Jt solves 


dtf^ 


log 


{Cj -h idBdB'iftY 


UJ“ 


u + idBdBift > 0 , Y\t=o = 0 


• *-5 uniformly bounded in [0,oo). The function if solves {dt — AB^Y^tYt = 0 and the 

maximum principle for basic maps implies this claim. 
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• max — min tpt is uniformly bounded in [0,oo). From the El Kacimi’s paper it follows 
that the solutions to the transverse Monge-Ampere equation 

[oj + idsdEfT = ^ + idsdsf > 0 

satisfies the a priori estimate max / — min / < C where C depends only on F and u. Now for 
every fixed t, fjt solves 

{oj + idBdBfJtT = 
and the previous bound on dttpt implies this claim. 

• tr^cu^ is uniformly bounded from above in [ 0 ,oo). Lemma 16.71 together with the compactness 
of M implies that {dt — ^B,t) logtr^^cut < C tr^^jO; for a uniform constant C. It follows 

{dt - AB,t){iogtrcjUJt - (C + l)V^f) < Ctr^jW - {C + - {C + l)tr^t£h + Cn + n 

< -tr^^tW - (C* + l)dt'4)t + Cn + n. 

Since dt'il’t is uniformly bounded we have 

(33) {dt - AB,t)ilogtrcjU;t - {C + l)'0t) < -tr^t^ + C 2 

for a uniform constant C 2 - Now let us fix r > 0 and let (xo,to) be a point in M x [0 ,t] where 
logtr(;ia; — {C + I)/; achieves the maximum. If Iq > 0, then inequality (f55|l implies < C 2 

at Xo and from 

(tr^iw) A X < 7 —Ax = 7 —w" A x 
(n — Ij! [n — Ij! 

and the bound on dtip it follows 

trjitato < C 3 at xq , 

where C 3 does not depend on r. Moreover, since logtr^^w — (C + 1 ) 2 ^ achieves the maximum at 
{xo,to), then we have 

log trjjo; < Cs + (C + l)^; - (C + 1) ipto (a^o), in M x [0, r] 

and so 

log iioiUJ < Cs + (C + l)/^ — (C + 1 ) min if , in M x [ 0 , r] . 

ALx[0,r] 

Let V = ch"' A X and 

'4) = 'ip-^ I fjoj^Ax- 

JM 

Then 

logtr^iW < C 3 + (C + 1 )?^ + [ 2 pu}"‘Ax-{C+ 1 ) inf fj - ^ ^ inf / Ax 

V Jm Mx[ 0 ,r] V [0,t]Jm 

in M X [0, r]. Since if is bounded in view of the previous point, we get 

c +1 r c + 1 r 

logtr(:ia; < 6*4 H- 7 ^/ fjuj^Ax -r— inf / ifuj'^Ax, inMx[ 0 ,r]. 

y Jm y [o,r] Jm 

Now 

s I= I/m ^ " 

shows that A x is decreasing in t and thus for every (x, r) G M x [0, 00 ) we have 

C + l/" C + 1 f 

log tr^w^(x) < Q H-- / ifrdb'^ Ax - 7 ^ / /'r A X = <^4 . 

V Jm V Jm 
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On the other hand if to = 0, we have 

logtrj;a;to(xo) < logn + (C + 
and we can prove the item by working in the same way. 

Now, since the C'^-norm of dt^p is uniformly bounded, taking into account that M is compact, 
the previous item and lemma [63] imply ^Cj < uj < Cu in [0,oo) for a uniform constant C; 
therefore 16.61 implies that the C°° norm of uj is uniformly bounded in [0,oo). It follows that xfjt 
converges to a basic smooth map ijjoo on M such that cuoo = w + idsdEipoo > 0. 

It remains to prove that Wqo has vanishing transverse Ricci tensor. Let be the basic Ricci 
form of UJ and let h G be such that pB = idsdsh. A direct computation yields that 

if 



then 

(34) f{t) = -{dBipt, dBijt)ojt I fit) < 0 > 

where (•, is the scalar product ([ 6 ]) computed with respect to ujt- Equations (1311) implies that 
f{t) 0 as t ^ oo. Since dt'ift = log ^ obtain that Ob log ^ is constant which 

implies pBi^oo) = 0 - D 

6.4. Proof of theorem 16.31 We may assume = 1 without loss of generality. About the 
short time existence it is enough to observe that if qq solves (I27p . then the fundamental form 
of gqi^^ — 1) solves (l28l) . Therefore ([28]) has a unique solution uj defined in [0, oo). By using 
the transverse Ss^B-lemma, we can write ujt = uj + idBdBpJt-, where pt solves 

{uj+ idBdBPt)'^ ~ , -o o 

dtpt = ^og -—- Pt, UJ + idBOBPt > , p\t=o = 0 

Now we have 

• 11(70 < Ce“* for a uniform constant C. Since dfpt = AB,t{dtPt) — dtpt, then dt{e^pt) = 
AB,t{e^Pt) and the transverse maximum principle implies the item. 

Using lemma [R 8 l together with the compactness of M we have that there exists a basic smooth 
map Poo such that \\pt — Poo\\c° < C'e~^ and < uJt < Cuj'^ for uniform constants C and 
C. Moreover we have 

• tr^Wi is uniformly upper bounded. Lemma 16.71 and the compactness of M imply that 

{dt - AB,i)(logtr<:ia;t - {C + l)pt) < - 1 - (C + l)dtpt + (C + l)n 

for a uniform constant C. Let r > 0 be hxed and let (xo,to) be a point in M x [0,r] where 
logtr( 2 ,a; — (C + l)p achieves the maximum. If to = 0, then 

log tr^uj — (C + l)p < log n in M X [0, r] 

and therefore 

logtr^ju; < logn + (C + 1)||(/?||(70 in M x [0,r]. 

On the other hand, if to > 0, then 

< -1 - (C + l)dtPito + (C* + 1)^ at xq , 
and therefore tr^^^u)(xo) is uniformly bounded in (xo,to). Since 

(tr^uJto) £h” A X < ujf^ A x, 
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ItcjOJ is uniformly bounded in (xo,to) and since cp is uniformly bounded we get the item. 

The two items above imply that the maximal solution cjt = u) + idBds'Pt to (f28]l satisfies 
^oj < wt < Cuj for a uniform constant and theorem 16.61 ensures that the C°° norm of ojt and 
of <pt are uniformly bounded. This implies that oJt converges to a transverse Kahler-Einstein 
structure, as required. 

6.5. The case of Sasaki manifolds. In the case of Sasaki metrics, theorem [Q and theorem 
16.31 provide an alternative proof of the main results of [23] on Sasaki-Ricci flow. 

We recall that a Sasaki structure on a (2n+l)-dimensional manifold is given by a 1-dimensional 
foliation generated by a vector field ^ together with the following triple of tensors: a bundle¬ 
like metric a 1-form rj such that kei rj = and an endomorphism <1> of TM such that 
= —Id -|- r/ (8) We denote by P the kernel of rj and by the restriction of g to P. Clearly 
the pair {'D,g'^) is identified with {Q,gQ)- If gqit) is a solution of the flow 

dtgqit) = -RicQ(f) - lygqit ), ffQ(O) = gq 

with z/ = 0, —1, we can reconstruct the Sasaki structure at any time by setting g{t) := 
and taking g as the g(f)-dual of 
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